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NOTE ON THE THEORY OF FUNCTIONS OF A REAL VARIABLE.* 5S 


By W. H. Ecnots, Charlottesville, Va. 
$1. The application of the Differential Calculus to investigations in the z 


Theory of Functions of a real variable depends on the formation and the ; 
character of the nth derivative. This marks the limit of its applicability. a, 
The following note is intended to be illustrative, at the same time, of the pro- 


cess and of its limitations. 


I. 
FOUNDATION, 
§$ 2. Let fe represent an explicit function of the variable « The function 
is said to be nite for = a, when fa is not infinite. is said to be 
form for x = a, when fa has a single determinate value. 
The uniform and finite function fx is continuous at a when it is possible 
to find a finite number /, such that 
(a + th) — fa 
is less than an arbitrarily small assigned number 0, and 
a 4 
fia th) = fa. 
The function is progressively continuous at @ when 0 “ 1, and 7 
regressively continuous at @ when —1< @~— 0. 
The function fz is said to be uniform, finite, and continuous throughout 
the interval from « = 4 to x = 3, when (3 > @) it is uniform, finite, and con- 
tinuous for every value of « that is equal to or greater than «, and equal to or Ss 
less than 3. 
If fxr be u. f. ¢.+ throughout the finite interval (4,3), then it follows from AN 
the definitions, that 
h) = fu 
where a and a — A are values in the interval, and as / converges uniformly a 


to zero, ¢ converges continuously to zero. 

* This note is intended to be a somewhat critical examination of the fundamental principles 

which underlie the general method for expansion of real functions in series, given in a crude note - 

written January, 1892, ‘‘ On Certain Determinant Forms and their Applications.” -s 
+ Uniform, finite, and continuous. 
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§ 3. Complete difference of a sequence :- 
Let there be a sequence of the 7 1 terms 


Form a new sequence of ” +- 1 terms, thus : 


Ay, By, «.-, ‘Ay 


From this form a new sequence, beginning with the second term and subtract- 
ing each term from the one which follows it. Continue this operation until 
there have been formed n new sequences from the first one. The last sequence 
of these is called the complete difference of the first sequence. Its terms are 


r 


$ 4. We assume a one-to-one correspondence between the variable x and 
and the z-axis of Cartesian coordinates, and that the function is represented 
by the ordinate. We speak of the point « as the point on the 7-axis for which 
v =a, and of the point fa as the point established by the coordinates (a, fa). 


Consider the sequence whose terms are 


The points @ | ré being in the u. f. ¢. interval of 72. 
The complete-difference of this sequence is the sequence 


t(a-+ rh) C.,f (a+r 1A) +...4+(—1)" fa. (r=0,..., 0) 


This expression we call the 7th dfference of the function 7 at the point a. It 
is progressive or regressive according as / is positive or negative. We sym- 
bolize the ath general difference of 7% at a, by J"" 7a. 


We have, 


fa = f(a + nh) — C,, F(a + n—1h)4+...4+ (—1)" fa 
Tu Ju 
a" fa. 


For 
+ rh) = fa + 


i 


where ¢, has a value which is equal to zero when / = 0, and 


rh) = 14 
tu Tu 


4 
| 
‘ 
‘ 


= 
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where ¢, — 0 when / = UV. Also, there must exist some value @ such that 


o = 0 when 0, = 0, 4, = 0, A = 0 and is determined by 
\(1 + a) - 1)" = (1 T 4,,) Ca. (1 T On) 1)". 


From these results we infer that the nth difference of the continuous fune- 
tion at @ becomes a vanishing value of nullitude x as 4 converges to zero. 
$ 5. The ratio 
fa 


we call the ath difference-ratio of the function 72 at a, progressive or regressive 
according as / is positive or negative, and having a different value in each case. 
This ratio, as we have seen, has the form 


J" " ta ao n 
A” A 


ta, 


wherein @ becomes infinitesimal at the same time with /. 

It is through this form that we propose to separate u. f. ¢. functions into 
classes. 

The ratio a/h, as A converges to zero, may become indeterminate ; func- 
tions which yield this result we reject for the present. We also set aside that 
class of continuous functions which are such that « becomes infinitesimal of 
lower order than 4, which makes the limit of the ratio ¢// infinite. We con- 
sider u. f. c. functions to be monogenic functions, when the limit of the ratio 
o/h is determinate, uniform, and not infinite (1 finite) as 4 converges to zero, 
whatever be the sign of /. 


The u. f. ¢. function 7” is monogenic at «@ when (for ~ /) 
fa 


is uniform and finite for a finite value of ». 

A function which is uniform, finite, continuous, and monogenic at « is 
said to be holomorphic at a. The function is holomorphic throughout the 
interval (43) when it is holomorphic at each point in the interval. 

§ 6. We write the limit of the »th difference-ratio 


and call it the wth derivative-rutio, or simply the wth derivative of the function 
at a. 
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68 ECHOLS. NOTE ON THE THEORY OF FUNCTIONS OF A REAL VARIABLE. 
: The difference-ratios higher than the tirst, while peculiarly suited to the 
] 
above suggested classification are not well suited for the calculation of the 
‘ derivatives. The first derivative is determined as the limit of the first differ- 
ence-ratio, thus : 
and the successive derivatives from the form 
— h) r"a 
h 
For 
fa 
Joa yn? 
A=0 
h" 
Therefore 
~~ n+1 e 
h 
fa 
A==6 h 
since 
y 
Passing to the limit, we have 
h 
4, 
| Il. 


FUNDAMENTAL THEOREMS. HoLomMorpHiIc FUNCTIONS. 


$7. Turorem I. /7 fe be a holomorphic function throughout the interval 
(4,3), tts rst derivative is a holomorphic function throughout the interval (aj). 
7x is uniform and finite at a, since by definition 


F(a + h) — fa 
h 


f 
i 
. | 
i 
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converges (4 = 0) to a single determinate finite value 7’a. (7x is continuous 


at a, because 
ria h) tia 


must become infinitesimal when / becomes infinitesimal, since 


h)— fa 


converges (4 = 0) to the uniform finite limit 7”a. Moreover, the successive 
derivatives of 7’2 are the derivatives of fi; consequently, 7 is monogenic 
at a. Being uniform, finite, continuous, and monogenic at any point @ in (4,3), 
J 2 is holomorphic throughout the interval. 

CoroLiary. A function which is holomorphic throughout a finite interval, 
has an unlimited number of successive derivatives each of which is holomor- 
phic throughout the interval. 

$ 8. A continuous variable z is said to vary wn formly from « to 4, when 
as w passes from the value ato the value ,3, it takes during the passage any 
value that is equal to or greater than « and equal to or less than ,3, and but 
once. 

A continuous function 7 is said to vary uniformly from fa to 73, or 
through the interval (4,3), when as x varies uniformly through (4,3) the function 
takes during the passage any value between the values 7a and 77 (these in- 
cluded) but once. 

It follows therefore that a continuous function which varies uniformly 
through an interval, has algebraically an increasing or decreasing value through- 
out the interval according as 


+ h*) fe 


is positive or negative, however small we take 4. Or, as the derivative 


T r 


~ 


is positive or negative throughout the interval. 
TuHeoreM II. /n any arbitrarily small finite interval in the interval (a) of 


a holomorphic function fr, the function must vary unitormly, 


For 
f(a + kh) — fa 
h 


A=0 


must be a uniform, determinate, finite limit, and 7’ is continuous throughout 
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(4,3). Hence 
Tia+h)— fa f(a-+ th) — fa 
h Hh 


must be arbitrarily small with 2. This cannot be so (unless 7’a@ = 0) when 
for any 4 we have 
Wh) = fa. 


Therefore 7” must be an increasing or decreasing function from a to 
a-+h. 

The theorem (Cauchy's) which justifies these definitions is as follows : 

THeorem IIL. /7 V be any prred value whatever between ta and then 
the continuous function te must take the value V for some value u, of a, between 
“ and 

Suppose fz — 74 (algebraically). Let 4 > a, and divide the interval (4,3) 
into 10 equal parts, each equal to 4. Consider the sequence 
fu, f(ia+h), ..., f(atnh)= fp. 


e 


If any one of these values be identical with V, the theorem is proved, 
Otherwise, let 7a, be the last term of the sequence, proceeding from a, which is 
less than VW. Let 7/3, be the last term of the sequence, proceeding from /, 
which is greater than J)’. Divide the new interval (4,3,) into 10 equal parts /,. 
Suppose the function does not take the value Vat any of these points of 
division. Then, let in like manner 7a, — V and 7/4, > V, define a new interval 
(4,,3,) with which we proceed as before. Continue this operation until either 
ev takes the value Vat one of the subdivision points, or we reach an interval 
(4,,3,), Such that 

V 
Now 
a, = 1A,,, 
and 
4 a=10A= 10°/, =...=10°"£,,. 
Therefore 
and 
i—a 


10" 


Sn — @, = 


a, continually increases but never reaches ,3; therefore it has a limit. 


n 


continually decreases but never reaches a, it therefore has a limit. The differ- 


ence ;3, — ¢, can be made as small as we choose by sufficiently increasing x ; 


ioe 
J 
0<0<1 | 
4 
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consequently they converge to the same limit which is a@— But the 
value V always lies between fw, and 7;3,, and since the function fz is contin- F 
uous we can make the difference between 7, and 73, as small as we choose by : 
making — 4, sufficiently small. Consequently is the limit to which con- 
verge 7a, and 7/3, as 4, and 3, converge to the limit vu. Therefore, we have : 
tu V. 7, p ; 
Coro.iary. If a continuous function has opposite signs at the ends of an ° = 
interval (4,3), then must there be some value « such that : rs 
THeoreM LV. a holomorphic function fe has equal values at two points 
aand bin its interval of holomorphism, then its derivative must have a zero i F 
hetween a and b. 
If 7v is constant for any finite portion of the interval (74), the theorem is } 
proved. Otherwise, 77 must be either an increasing or decreasing function as _ 
we proceed from @ to 6. Now 7% cannot continue to be an increasing or de- ] 
creasing function throughout the interval from « to 4, for, if so, it would be q 
impossible for 7/4 to equal fa. Therefore at some point 7, in the interval, 72 1 
must be an increasing function, and at some point #, a decreasing function. 4 
Since the function is holomorphic, the derivative 7” must have opposite signs 
at the points “, and x, Since the derivative is a continuous function between 4 a 
v, and #,, it must have a zero in the interval (2). Consequently, we have , 


CoroLiary. If and are zeros of the function, its derivative must have 
a zero between « and &. 

THEOREM V. Ifa holomorphic function has ni 1 zeros in its interval (4,3). 
then the nth derivative must have a zero hetireen the greatest and least or the ' 


zeros of the function. 


Let the zeros of 72 be a,, a, ...,a@, taken in increasing order. The first | 
derivative 7x has a zero in each of the » intervals SAY 
5b. But is a holomorphic function in (4,3), therefore its deriva- 
tive 7°” must have a zero in each one of the x 1 intervals (4,4,),..., 

Ons), SAY Gy In like manner 7” has a zero in each of the 


— 2 intervals (e¢,), In this way we continue until 
must have a zero, uv, in the one remaining interval, or 


QO, ad a 
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CoroLuary. The same result is true if 7” has any x + 1 equal values in 
the interval. 
$9. Lemma. Let rh, (7 =0,...,n) 
then 


( 1)" J" 


For, expanding the second member by the first column of the numerator it 


becomes 


Sut 


which establishes the lemma. 
VI. /f a function fx 1s holomorphic in an interval (a) contain- 
ing the points 


then 
I h ta 


where u lies betireen a and a nh. 


For, the holomorphic function 


& 


ta lu 


ra, 


n n 


(ay, 


vanishes at the L points 


’ 
4 
ve 
f 
| | 
4 
> | 
: 
. n } 
= £,(— 
0 
” 
nh n = r 
J Tay (— 1)" 2, ( 1) 
0 
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THEORY OF FUNCTIONS 


A REAL 


Therefore its xth derivative vanishes for some point uw in the interval 


(a, a — nh), and we have 


ol 


COROLLARY. 


Tueorem VII. /f holomorphic, 


» An 


’ a,) fru 


n! fa 


. 


Function fe has zeros a and b in its inter- 


val (a3), and if a is a zero of each of the frst n derivatives, then will the 


(n + 1)th derivative have a zero u, between a and b. 


Since the derivatives are holomorphic functions in (4,3), f’2 has a zero Mu, 


in the interval (a). 7’ has a zero in the interval (a~,), and so on. 


has a zero in the interval (v,). 
St n+l), : 


Tororem VIII. Lf holomorphic function fx has the zeros a, ..., 


its interval (4,3). Then 


tir 


(2 —a,). 


Therefore 


wherein u lies between the greatest and least of the zeros and x. 
Let “, be any fixed point in (4,3). 


Se 1 
Ja, 1 a, 


1 Uy 
1 


Its ath derivative must have a zero between the 


has the zeros x, ..., 
1 n 
greatest and least of these. 


Therefore 


n 


n 


a 


n 


—n! far, . 


n 


The holomorphic function 


Finally, 
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or 


vy) being any point in (4,3), the theorem is established. 
CornoLLary 1. If a holomorphic function fr has x equal values at a,,..., 


v, in its interval, then 


n 


where ¢ is constant. For, in the above theorem, suppose 


Then 


Coronary 2. If we say that the running together of the » equal values 
forms a multiple point of multiplicity ~, then, if 72 has a multiple point of 
multiplicity at 7, we have 

a)" 


TX Fa. 
n! 


In particular if the function vanishes at a, the point a is called a zero or 
nullitude point of nullitude #. If @ be a zero of fv of nullitude n, then 


a 


(2 ad) 


LX. fe zero of nullitude n in its interval then this point 
ix Zero of ullitude of the de? ivative of fa. 


Let fr have the zeros @,,...,4,. ’@ has a zero in the x — 1 intervals 
(Ap By the preceding theorem we have 
2 (a ",) (a ) 
(n 1)! 
As @,..., converge to a, so also 


Therefore in the limit 


uv between v and a We infer from this result that we may differentiate 


nr! 


as though « were constant. 


~ 


a 
| | 
on 
(Lp (Xp a,,) | 
| 
| 
| 
by 
‘ 
| 
| 
| 
e 
| 
| 
| 
(2 a) 
4 


iy 
4 
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4 
| THEOREM X. A holomorphic function tx cannot have an infinite number of 4 
| equal values uniformly distributed in a finite interval unless the function is am Ss 
constant throughout the interval. 
Let be holomorphic throughout (4), and let 7a, = fu, 
a. a+ rh, (7 
=: 
so that 4 = (6 — a)/m vanishes when m =o. % 
In virtue of the holomorphic character of fv and its derivative, we must Es 


have 4 


fa, farsa, —.fa, 
| x t 
less than an arbitrarily small assigned value (which converges to zero when 
A converges to zero) when 4 is arbitrarily small, for all values of # between a a 
and a,,,, Whatever be the value of 7 <— m. The second term of this difference sg 
is zero. Therefore we must have < 
tir tu 
Wherever be taken in (a+) we always have a value — «,, less than /, 
4 such that in absolute value, a xg 
4 tu (2 — a,) or ti oh 2 
Hence when / converges to zero (m 2 ) we have in the limit : ;, 
‘ 
for all points in the interval (a). eS 
Coro.iary 1. It follows that all the successive derivatives of 72 vanish for x 
all values of # between @ and 4. : 
For the first derivative 77 has a zero the interval 1A) 
(7 —0,...,”) and vanishes an infinite number of times throughout (a4). And 
? so for the successive derivatives. & 
CoroLLary 2. We may attempt to investigate the value of fz at any point z 
in (af) not in (a) when 7 is constant in (a4), as follows :— 
Consider the function 7 
Ja, 1 a, 
4a 
/ 


| 
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wherein a, =a rh(r=0,...,n)anda, = 6, a,= a. some point in (4/9) 
not in (ab) arbitrarily fixed. /% has the same interval of holomorphism as fz, 


since #2 is made up of 72 and a rational integer of degree x + 1. Let 
The function “2 has the value zero at the 1 points a,. Therefore its th 


derivative must vanish for some point « in (a4), and we have 


7] 
n+l] 
n+l 
1 Uns Ly » 
> 
(4, (7, ru 1 
(n 1) (n 1)! A” 


})! 


Also, we have 7"v 0 by the preceding corollary. But, « being an unknown 
point in (a), and / (h a)/n, we do not know but that for n = # , we may 


have (as we probably do), 


* (7 1 )! 4 (a h) 


and therefore cannot say that 72, — 74 when» =o. In point of fact, if we 


let m be constant and let 4 converge to zero « converges to a, and so also does 


i 
h ait d gt 
n 1)! A" da 1)! 
ITT. 


Monomorruic Funerions. INFINITE SERIES. 


$10. A holomorphic function 7% is said to be monomorphic throughout 
an interval (4%), when for all points 2, @, and ~ in that interval, we have 


— a)” > 
(uw between w and a) 


ald 
- 
| | 
| | 
| 
| a 
| 
} 
} 
i 
i 
. In this, we have 
nh n+l \! 
/ d 
| | 
| 
| 
4 
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This interval of monomorphism will be called the veg/on of the function. The 
following corollaries flow from the preceding theorems : 

A monomorphic function cannot have an infinite number of equal values 
in any finite interval (however small) without being constant throughout its 
entire region. It cannot have an infinite number of equal values in any 
infinitesimal interval, that is it cannot have a multiple point of infinite multi- 
plicity, without being constant throughout its entire region. 

In particular, it cannot have an infinite number of zeros in any finite or 
infinitesimal (zero of infinite nullitude) interval without vanishing throughout 
its region. 

If a monomorphic function has an infinity of equal values, zeros, a point 
of infinite multiplicity, or a zero of infinite nullitude ; then all the successive 
derivatives of the function vanish throughout its region. 

Two monomorphic functions 77 and wr which are equal over any finite 
interval, are equal all over their common region of monomorphism. For their 
difference vanishes an infinite number of times in the equality interval. 

THEOREM XI. lf two holomorphic functions gr and a have a common 
zero a, then the ratios gxr/fr and g'x/f'x converge to the same limit as x con- 
verges to a. 


Let =a +h, then 
fe 


ry 
or /h cad 
h Sash 


Hence 


If ais a common zero of and then the ratio converges to 
the same limit as does ¢"7/("2 when wv converges to @, as is easily shown by a 
repetition of the above. Generally, if the first 7 derivatives of gr and <x have 
the common zero with and then the ratios and eon- 
verge to the same limit as 2 converges to a. 

$11. TuroremM XII. When a function is monomorphic throughout a certain 
Jinite interval (a;3) containing the point a, it can be expanded in an infinite series 
of positive integral powers of x — tt, converging for all points within (4,3). 

First Proof :—Let be a fixed point in (¢). Divide the interval (a) into 
n equal parts equal A. For convenience let 


fa = f(a + rh). 0,..., 


i, 
- 
4 
} 
. 
| 
¢ 
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| 
as 
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The funetion 


fe 1 a” 
is a holomorphic (v finite) in the interval (43), which has the ” -+- 1 zeros 
a - rh. 
Consequently 


(a a)(r—a hy)... 
(/4 1)! 


win (7, 6,0). Let. be a point in the interval (a4). Then 


(a 
mod Fx , 
1)! 
which vanishes when» = since fz is monomorphic. /% vanishing through- 
out (a4) ), vanishes throughout (4,3). 


In the determinant form of /’r, regard the terms of each column as form- 
ing a sequence. Begin with the second term from the top and completely 
difference each column. This will be called the complete difference of the de- 
terminant. The complete differencing of any determinant does not alter its 
value. After forming the complete difference of the determinants in /Z, divide 


the numerator and denominator by 


distributed as shown below. We obtain 


1! 
fa 1 a a” Sa Sa" 
1! n! nih” 
' ' 
h nih a 
0 J"a Sa" 
1! A” he 


j 
: 
< 
(a ad Pees ' 
(n 1)! 
J 
\j 1 " 
4 
hi 
| 


' ECHOLS. NOTE ON THE THEORY OF FUNCTIONS OF A REAL VARIABLE. 79 
I 
As becomes infinitely large / (a b)/n becomes infinitely small. 
Hence throughout (4,7), we have : 
tr #78! ... 
ta l a 
ta «asi! ... | =O, 
| or 
Lemma. The expansion of the above determinant is effected by means of 
the identity 
1 4 
1 a 
i 
n—l 
0) 1 
(i 1)! 
For, 
A n ( ( T ( { ) '? 
wherein 
a’ 
| 
1! r! 
1 
(7 1)! 
0 


CU.=a'/r|, for r 1, 2,5. Suppose this is true for p 1. ‘Phen 


a" 
1)?t! 


t 
{ 
= 
= 
al 
y y y 
| al 
“=. 
p-l p-—2 ae p 
a a ad a 1)?+! ud 
(p—1)!1! (p—2)!2! O! p! 
) - ) 
p! po! (p 1)!1! ( )) ()! pit 
= 
° 
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The second term of the second member is zero, being 


a” a 


Hence, C. a’/r' for all integral values of 7, and we have 
’ ? 


== toa (- 1)" 
n! 1)!1! 
(a a)" 
n! 


Otherwise and more simply (the use of the lemma may be avoided) thus ; 
multiply the (7 + 2)th row by (@ — a)’/r! (vy = 1, 2, 3,...), and divide the 
corresponding columns by the same quantities. Subtract each row below the 
first from the first. All elements in the first row vanish except the first, which 
is 

Tx ta a (2 a 


All terms of the determinant vanish except the diagonal term, and each element 
of the diagonal is unity except the first as written above. 


Second Proof: The monomorphic function /r has the x 4+ 1 zeros 
a+rh(r=0,...,). Therefore by Theorem VIII, we have 
Fer (2 - a nh) 
(n +1)! 


Let # remain constant and let 2 converge to zero. Whence 


a” 

n! 

a a” 

tu 
2 
ad 
(n — 1)! 
1 
or 
1 n n+l 
fa (a = (a (2 a) futly | 
1! n (mn +1)!° 


Since fv is monomorphic the last term vanishes when x = o, aud the infinite 


series is equal to 7 throughout (4,3). 
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Third Proof :—Let a,..., ¢,, and be points in (43). The function 
x 
] ' 
l 
ad a" l 
fa 1 | 
a” 
has the + 1 zeros v7, ...,«,. Therefore by Theorem we have 
jer ly, 
1) 
But the value of /’r given by the above ratio is a function of Res svn ity ana 4 
takes the indeterminate form 0/0 when «,,..., 7, converge to «as a limit. 


To evaluate this limit we apply the method of Theorem XT by operating on 
the numerator and denominator of the ratio with 


which produces identically the same result as the last proof. 
fourth Proof: (After Homersham Cox and Cauchy). | 
The holomorphic function | a 


1! n! 

ti 
) 


and its first derivatives vanish at“. Change into where“, is any arbi- 


trary fixed point (not ~) in (43). Consider the function 


This function is holomorphic in (4,3) and has the zeros 7 and .”,. [ts first 


» derivatives have the common zero v. Therefore by Theorem VII its 
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1)th derivative must have a zero between and Hence 
or 
(7 1)! 
ay" 
n+1y, 
1)! 


Since . 


is any point in (4,3). 

hitth Proof :* We may avoid the expansion of the determinant given in 
the lemma of the first proof, as follows :— 

The function 


ti a” 
n 
a, 
C Ja Q? , 


wherein ..., and ¢ is a rational integral function of degree 


v, has the zeros “,,.... %, in (a3), and must have the same interval of 


monomorphism with We have,“ + in (4,3), 


4 h) - h) h) 


(i) 


Since has 4+ 1 zeros its derivative has a zero among them. There- 
fore we have 
= gir (7 1) 
and 
Multiply these » + 1 equations by /’/r! (7 = 0,..., ~) and add them together. 


Subtract the resulting equation from (i), whence results 


) . . 


* American Journal of Mathematics, July, 1893. 
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Leto Then and + vanish, and the second 


member of this equation becomes 


n 1 


which takes the form 0/0 as a,,..., “,_, converge to .”. ‘To evaluate this limit, 


apply to each term of the ratio, the operator 


Since ; | vauses to vanish (7 = 1,..., 1), the numerator of 

| ot, 
this ratio is zero in the limit. While 

1 “ n 
ied 


Consequently, the limit of the ratio in question is zero, and we have 


which is unconditionally convergent and equal to f” when « x for all 
values of and . + / in (4,3). 
CoroLiary. If zero is a point of the interval (4,3), then putting ” = 0 
(7 1)! 
as a particular case, and as before we may make # = x. 


Also, when zero is a point in (4,3), we have 


TO — tu apa 


by putting 0. 
THEOREM XIV. rth derivative of the series 


fa + fla f"a +... ad. inf. 


formed hy tuking the SU di or the rth derivative x or each ti Pit, is equal to the 
rth derivative of the function tr tor all points mn the inte real (4,3) or WMOMO- 


morph of the Tunction, 
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For, the 7th derivative of the monomorphic function 


Tau ] a" sn ! 
tru O 1 a" "Hn —1)! 


00... 1 


is holomorphic in the interval (4,3). This derivative (7 < has the zero 
v, and its first r derivatives also have the zero 7. Let .”, be a fixed value 


in (4,3). Consider the function 


This function is monomorphic throughout the interval (4%). It has the 


zeros and and its first derivatives have the common zero v7. Con- 
sequently, its (7 + 1 — r)th derivative must have a zero (7) between , and «, 


and we have 
n+l 


(wv ay 


fer ly 


+ 1)! 


Fz, 0 


or since , 18 any point in (4,3) 


of n+l 
/ 
I roan / (t) n+14, 

ay (nv 1)! 
| n+l 

(4 (4 1)! 

n+l 

( / n l 

1)! | (O 1) 

which vanishes when » ox for any finite value 7. Therefore 


for all values of in (4,7). 

We observe, that we may differentiate the series with remainder after th 
term as given in the second proof of XII, just as though ~ remained constant 
during the operation. For, we may write 


Fre 


(v4 1)! y+ 1)! 


; 
Yor 
1)! (a + 1)! 
{ 
| 
5 
| 
n—r+l 
* 
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From which we obtain 


which is a different form of the remainder from that obtained above, leading 
to the same result, and which is what would be obtained by differentiating 


n+l 


n+l), 


Fe 

r times. The w’s in the two forms of course not having the same value. 

THEOREM XIV. a punction monomorphic throughout any finite 
interval (4,3), it can be crpanded moan of positive integral 
power vs of COMME rying for all points (4,3). 

Expanding the determinantal form of the second proof of Theorem X1, 
by its first row, we have 


= A Avr A. 
wherein 
ar" 
1! 
A 7 r+ ly ] 
t"a 0 
The series is evidently convergent when / x , for all values of 2 in (4,3). 


CoroLiary 1. If zero be a point in (4,3), then putting 7 — 0 we reduce the 
series as before to that of Corollary of Theorem XII. (Maclaurin’s series). 
CoroLiany 2. In illustration, we notice that if zero be a point in (4,3), _ 
then in virtue of Bernoulli's series derivable directly from XII, we have 
- r’O = ad. inf. 


Therefore the above series may be written in the particular form of Maclau- 


rin’s series 


whenever zero is a point in (43) and not otherwise (Con 
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$12. An even function is one which does not change its value when the 


sign of the argument is changed. Thus 
tu r(—a). 


An odd function is one which changes its sign but not its absolute value, 


when the sign of the argument is changed. Thus 
tu 


THEOREM XV. even (vd) monomorphic Function can be expanded 
an infinite series of positive (odd) inte gral powers ot the variable for all 
points in the inte real or 


sy the preceding theorem, we have 
Sle) = + At + 


f{(—2)= A", — t+ 


By addition, we have, if the function is even 


fr A',t + 4 


By subtraction, we have, if the function is odd 


+ A’.a? + 


CoroLuary 1. The derivatives of even order of an even (odd) function are 
even (odd) functions. The derivatives of odd order of an even (odd) function 
are odd (even) functions, and are expressible, when the functions are mono- 
morphic, in infinite series of integral powers which are obtained by differenti- 
ating the infinite series of the function. 

Corouiary 2. If zero is a point in the monomorphie interval of 72, then 
at zero fr it is even. te — Oif is odd. 

Coro Lary 3. A periodic function is defined as one which repeats its 


values in the same order in successive equal intervals, thus 


for all integral values of », » being the constant interval or period of the fune- 
tion. It follows from the above that 


if is holomorphic. 

If 7 is an even (odd) periodic monomorphic function, its derivatives of 
even (odd) order are even (odd) periodic monomorphic functions, and deriva- 


tives of odd (even) order are odd (even) functions. 
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The derivatives of odd (even) order of an even (odd) periodic holomor- 
phie function vanish at the points rp 

13. THEOREM XVL. On the « of monomorphic fine tion fit in 
of an NEPUES of monomorphic tions & 
whose law of formation with spect is 

Let fe and ¢,” be monomorphic functions throughout an interval (3). 
The object of the investigation is to effect the design of a convergent series 


(in which the coefficients .1, are independent of ) such that the difference be- 
tween the series and the function 7 shall vanish throughout (4,7). 
Consider the function 


in which, in order to provide an absolute term, we put ¢,x 1. 
Let 


? 0 


Let 7, 4, ..., @, be points in (4,3). Then at these points we have 


n 


In these 1 1 equations we have the ~ + 1 undetermined values .1,(/ = 0, 
..,H). Let the conditions which determine these be 


Then we have 
fe 
Con 


in which .1, is independent of 7 and is determined by expanding the deter- 


minant with respect to its first row. 
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Iirst :—We treat the function /"(2, ~) as given by (i) in the following 

independent manner :* Let 7 and «, be two points in (4,3) and let 
a4.=a+rh, 
so that A = (an —a)/n. 

Completely difference the two determinants in (i), beginning with the 
second row in the numerator and the first in the denominator. Then divide 
the row of pth differences by /”?( py =1,..., ~), in the two terms of the ratio. 
These operations do not change the value of /"(z, 7”). Now let 7, converge to 


was a limit, / converging to zero. We have 


1 Cy! 
1 
‘ 


* This method holds good for holomorphic functions of a complex variable as well as for mono- 
morphic functions of a real variable. For, let fand ¢, be holomorphic functions of z throughout 
a certain area (The functions are expansible in Taylor’s series throughout C. Let Ry and Ry, 

. vy 


be the remainders after the vth term in Taylor’s expansion of these functions. Then by the same 


method of proof as above we get (¢2 l 
f2 l ¢,2 
fa ¢ R, Rg, 
fia 0 Ja ¢g "a 
P pit 
0 ¢ ,"a J ny ¢ a 
or 
/ 
If 4. be convergent then the second member vanishes when 7 x, since R; and Ro,. vanish. 


Pherefore 


fe = fat 
past 


for all values of zin (% In like manner we show that 


throughout 
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In each term of this ratio multiply the row of pth derivatives by 
(2 —a)”/p!, and subtract each row in the numerator (below the first) from 
the first row. The value of /'(r, ~), —, is unchanged, and the element of the 
first row which was ¢,2, is now 


Since ¢, is monomorphic, this last expression is equal to 


( 


v, being between and Thus the value of ~), —,, is 
n+ 1 n+l 
(n + j 1)! 71 1)! 7" 
(4 —a) fia , (2 aye 4 (x 
(2—a)" (e—ay , 
q ! J "a ’ ’ ntl 
j 
(mn + 1)! ° p=! 
When » — ~, the first term of this second member vanishes. Let us examine 
the second term. We have, 
x fra = fe — fa, 
i while 
W 
p 
= We? 
wherein HW), is the determinan 
herein W,, is the determinant 
, (x ay, 
with its pth row replaced by 
n+l +1 


(n+1)! (n +1)! 
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Expanding both Wo and WW, with respect to their pth rows, we have 


) 


+1 
(4 T 1)! ; 
‘= 


is the 7th pth minor of W. The ratio W 


be taken to be the ratio of the -th ~th minor of the Wronskian 


wherein W,, W in the ratio 2, may 


to the Wronskian. We will consider it as such and eall this the Wronshian- 
ratio of the series. It is, as will be shown, the ratio upon which depends the 


convergency of the series and its equality with #2. For, if when 7 = « 
4 
= W,,/W 
is a convergent series, the numerator of /, vanishes when » = a«. This con- 


dition includes the condition that the Wronskian ¢,7,...,¢,’@ shall not vanish, 
or that there musi not be a linear relation between the functions 


at the point ¢. This condition is sufficient but not necessary. 
Under this condition we assert that the function /'(.7, x ) of (ii) vanishes 
throughout (4,7) and we have 


wherein 
A Zz 1)?*! Wp fu. 
We 
Second -—The function /"(2, of (i) is holomorphic in the interval (4,3) 
and has the zeros ...,¢,. Therefore 
(2 )"t! F(a, n) 
F(x, 2) == (2 ( 
When the ’s converge to 7, this becomes 
n+l 


1) 


uw between and 7, But the determinant ratio (i) takes the form 0/0 when the 


~ 


“g 
4, 
4 4 
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’ ws converge to «. To remove this indetermination we apply to the numerator 
and denominator, the operator 
|! 
Whence results (ii) provided 
does not vanish. Consequently 
wherein 
W Gy and isthe pth minor of lies between w and «. 
In general, in order that we may have 
throughout (4,3), it is sufficient that 2 .1, shall be convergent. This condition 
r=1 
depends on the convergency of the series + W/W. We may now enunciate 
p= 


the theorem and say :— 
The monomorphic function 77 can always be expanded in an intinite series 


of monomorphic functions ¢,. (7 — 0, 1, 2, ...), whenever 


is convergent. W),, being the rth pth minor of the Wronskian 


YU, ---, ¢ 


The series being equal to 7” for all points in their common region of 
monomorphisin. 
CoroLiary 1. When 2.1, is convergent we have 


throughout the common region of the functions, also, the series has an unlim- 
ited number of derivatives which are equal to the corresponding derivatives of 
the function 7% for all points throughout the region. 
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For, we have 


pin 


... 
toa ¢ 
/ n 


holomorphic in (4,3). Let 7, be an arbitrary fixed point in (4). Consider the 
function 
(a ay" 


(n+1- ne)! 


J (2, 
SL = 


(a. n). 
(7% (os ) 


feu (x, 
Jy and its first » — m derivatives vanish at 7, -/7 also vanishes at 2. There- 
fore its (~ +1 — derivative vanishes at some point between « and a. 
Consequently 


me 
1 m)! ( 


= 


or, since w, is any point in (43), we have 


0 


fy - 5 ( ) fury = A n+l), 
r=0 + 1— m)! | 
x 
the second member of which vanishes when » = # if 21, is convergent. 


We observe, from this result, that we may differentiate (iil) as though ~ were 
a constant. 


Again, if we put 


1) (7 + 1) 

we vet 
. +1 

which makes the vanishing of the second member with ~ — » and ¥.1, con- 


vergent, more immediately evident. 

Corotiary 2. Let 2,(7) be the value of the second member of (ii), and 
/yiv) be its value when we have the holomorphic function fx replaced by 
another holomorphic function (av, having (43) for a common region. Then 
will we have, in general, 
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wherein lies between 7 and «, and and are not zero. Let 
Sr Le (a) I, (2), 


x, being any fixed point in (4,3). 
Jz is holomorphic in (43) and vanishes together with its first derivatives 
at“; it also vanishes at Its 1)th derivative must vanish at some point 


uv between a, and « ; 


Since xz, is any point in (4,4) we may write 


L(x 
) Ren) 


[n+ 


We may if we choose let 7y(r)  ¢,,.". The particular case 


(wr ayer 


Tea) 
1)! 


Which is Theorem XVI. 

CoroLiary 3. If 72 is an even (odd) function, ¢,2 are even (odd) funetions 
and conversely. That is to say 7” has a common region with the even (odd) 
functions ¢,2 only when it is even (odd). 

Corouiary 4. [f fr is an even (odd) function having a common interval, 
containing zero, with even (odd) functions ¢,2, then must the odd (even) deriv- 
ative rows in the numerator and denominator of (ii) be omitted, when « — 0. 

For these odd (even) derivatives all vanish at zero. Therefore, if we leave 
them out of the determinants, we have as before, (2, ”),, —, vanishing as well 
as its first » derivatives at «= 0. Applying the method of the second proof, 
this function also vanishes at .,, and we deduce the same results as before with 
the rows in question left out. 

Corotiary 5. In general, if any two rows have all the elements in one 
row equal for 2 = «, and these elements differ from the corresponding elements 
in the other row by an addition or factor constant, then one of them must be 
omitted. The proof is the same as above. If any number of such rows are 
so related, then all but one must be omitted. These last two corollaries do not 
present exceptions to the general theorem, but merely particularizations. The 
omission of these rows is merely a method of eliminating the indetermination 


‘raused by their presence. 
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CoroLuary 6. [f (v == 1, 2, 3,...) be rational integral functions of de- 


gree 7, then we have for the value of (ii) 


1 
ut+l,, 
a ' 
(4 1)! 
and if 72 is monomorphic in (4,3), the series 
Te Tu 2 A,.(¢ ' 
is unconditionally convergent in (4,3), when 
IV. Meramorpuic Funcrions. 
$ 14. Let us call those functions metamorphic, which are holomorphic for 
finite values of the argument, but which cease to be holomorphic when the 
argument becomes infinite. 
Thus, let ¢(¢,7) be a periodic function in which 4, is a function of the 

number /, such that 4, increases without limit along with 7, but is finite for 
finite values of 7. The function ¢ (7,7) is supposed holomorphic when 7 is 
finite, but will, in general, become indeterminate when + =o. Its 7th deriv- 
ative being generally an infinity of the th infinitude when »—o«. Thus ( 

| 


While the complexity of the remainder will generally render the quanti- 
tative study of the expansion of a holomorphic function in terms of meta- 
morphic functions by the preceding method, difficult if not impossible, it is 
interesting and important that we should attack the problem, since the quali- 
tative analysis is complete in itself and the results serve to illustrate the limi- 
tations which surround this general method in its applications to close analysis. 


Let us consider the following : 


THEOREM XVII. On the of holomorphic function terms 

Let 7 ( /) be « function which is holomorphic in a certain interval 
(43) containing and /, and 


the series of metamorphic functions. 
By the corollary to XVI, since the functions are all holomorphic for x 

tinite, we have 

Ley 
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in which lies between and 
Putting « — 0, we have 


” 
(x) = f(a + h) —fh (—1)'""4, [¢(k + — /a,, 
Past 
P 
Letting =—¢ Ona"), we have 


<2 


= bastion (k + 2 (—1Ly + abu). 


he Wo gh’ 
i +1 
hp 


W = dn), 


— (- 1)" Ia, 


(m =-1,2,...0)Exr 


/?,, is the sum of the products # at atime without repetition of the quan- 
tities (m = ) 

W has a finite limit provided = 1, 2,..., ©) is convergent. 
The condition for the series to infinity to be equal to f(2 4 A) throughout 


(a)3) is that 


a=—=z 


for all values of # and ~ in the interval under consideration. 


The general condition is, of course, that 


+ (—1)"*'A, [¢ (& + — gk] 


must be convergent. 


In particular, suppose 


r l 


is not infinite. Let this be -V,. 
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The remainder is the product of ¢(4 — «,,,4) — .Y,, into 


” n 
e \ 1 A 7) hu) 
n+l n+1r=1 | n+l 


n n 


We have 


for finite values of 7, and at most equal to unity for r —- 1 =a. The con- 


vergence of the series in general must require 


$ 


If ¢ (4 + is not infinite and + not zero when =o , 
we may say that the remainder vanishes for “ =o. 

It does not appear that we can use the general form of the remainder to 
place close conditions on the general theorem, owing to the complexity of form 
due to its general character. It seems best to regard it as a qualitative basis 
from which we may investigate the particular case of functions 7” and ¢,.” in 
given specific form. General observations are suggested by the forms in which 
the functions enter the general formule. 

1. If ¢, functions are even (odd), 7 is to be even (odd). 

2. If yv, functions are even or odd periodic functions and / a point at 
which the odd or even derivatives vanish, then must the corresponding rows 
be omitted in the fundamental determinant, throwing out the corresponding 
terms of the series. In this case while the parameter @, remains unchanged 


under the ¢ function signs, the Wronskian becomes 


rp/ 
this limit in this case is dependent on the convergence of 2@>*. This secures 
such expansions in which the ¢ functions have the forms, sin 7, cos 7”, ¢”*, ete, 

In general the period points of the series will be points of discontinuity 


which renders possible the finite limit to J Wo(n == x2), when «, r, since 


or non-holomorphism of the series and any three such consecutive points will 
generally determine the (¢) interval, and sometimes two of them fix this 
interval. 

3. The coefticients .1, involve the successive derivatives of 7 at a specific 


point. If therefore the derivatives of 7 after the th vanish, we should ex- 
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pect to find, as we actually do, only an th contact between the function fr 
and the series +.1,¢, throughout the interval (4,7) of equality. That is to say 
the # derivatives of the series equal the ~ derivatives of 7, but derivatives 
after the wth of the series lose their dependence upon 7 and become inde- 
terminate or infinite. 


V. Expansion IN NEGATIVE PowErs. 


$ 15. In closing this note, it may be interesting to apply this method in 
seeking an answer to the question: What must be the form of the expansion 
of a function 7 in terms of negative powers of the variable, if such be pos- 
sible ? 

Regarding the foregoing investigation to result in the general condition, 
in order that a function 7” shall be expansible in an infinite series of functions 
we must have 


Let us apply this in answer to the above question. 


For the expansion of 7” in terms of the functions (” — 1)’ to exist, we 


must have 


te (27 —a)", 
fe 1 (c—a), 
re 0 (c —a)*, 
fre 0 
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Completely difference this determinant, as follows: Begin with the second 
column and subtract each column from the succeeding one. In the resulting 
determinant, begin with the third column and repeat the operation, and so on, 
until all elements above the main diagonal vanish except those in the first row, 


which now are 


In this determinant begin with the fourth row and divide the rows by 
1!2!, 2!3!, 
respectively ; then begin with the fifth column and multiply the columns re- 


spectively by 


21, 31, 4!, 
Whence results 
1 0 0 0 
(« 
(« 1) 1 
(« viv, 0) 1 1 
a1 4! * 3! 29! 


= 
7 
J 


The coefficient of (7 —- «)”/(.r — a)” in the expansion of the determinant is 


p (« ay? d p (a 


Let 
r ay’ 
Then 
2: 
1 


* We thus alight in a curious manner on a particular case of Burmann’s series, which was to 


be expected, 


ij 
| 
| 
Expanding this with respect to the first row,* we obtain 
? 4 
e 
—C 
. = 
; 


ECHOLS. NOTE ON THE THEORY OF FUNCTIONS OF A REAL VARIABLE. 9g 


Differentiating 7 times, 


(7 — lp (a 


The ratio of convergence of the series is 


a1+1/r) ay! | 1)! 

We started out to obtain the form of the expansion of /#r in terms of 
negative powers of (7 — «), but were led through the simplifying of the deter- 
minant to the expansion form of powers of (7 — ¢)/(r— «). This may be re- 


converted through the identity 


| ‘ ¢ / 
( Ll)" a\* d ay)? 
r 


when the expansion in negative powers is possible.* Otherwise ~ must be 


written instead of #, and a residual term /? added. We may investigate the 
remainder as before, when the character of ff is known. 

$ 16. The consideration of general methods in the application of the Dif- 
ferential Calculus in this direction is important and interesting. Important 
because it is the working method for reaching practical results, interesting 
because it tends to show somewhat the limitations which surround investiga- 
tion in this direction. It is the last resort of the physicist who is working for 
utilitarian results when all other methods fail, and offers him « direct method 
of procedure. Such was the path followed by Fourier when he discovered the 


“Open Sesame ” to the Theory of Heat. 

* This should also be the expansion of a holomorphic function of the complex variable z, for 
points outside of a circle about ¢ with radius mod (¢ —@). But the coefficients involve derivatives 
at the point c, which would require fz to be holomorphic not only outside of the cirele but also at 
the center 

On the other hand if we consider fz to be holomorphic outside of a circle with @ as a center and 
radius R~ mod (¢—a). Then this should be the expansion of fz for points z outside of the circle 
with center @ and radius mod (¢ —a@), and on the same side of a straight line with «a, which is 
drawn normal to the straight line joining ¢ and a at its mid-point, ¢ now being in the area of holo. 


morphism of the function. 


University or VirGinia, August, 1893. 
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KLEIN'S EVANSTON LECTURES. 
By Pror. Bruce Hatstep, Austin, Texas. 


Sylvester told me that he and Kronecker in attempting a definition of 
mathematics could only get as far as agreeing that it was essentially a kind of 
poesy. Of this poetry Professor Ziwet has caught for us a book of sonnets by 
our master geometer Felix Klein. For transcribing these harmonies and thus 
making them permanently accessible to all the world, American mathematicians 
in particular should be profoundly grateful to Professor Ziwet. 

The charm of these lectures is so manifold that no one can afford to de- 
prive himself of the pleasure of reading them. Throughout we see the very 
man who shows that all our space-intuitions must be held subject to revision 
everywhere emphasizing the tremendous power of these very space-intuitions 
as instrument in all mathematical research. 

It is this point of view that divides original mathematicians into three 
classes—logicians, formalists, and intuitionists. With truest tact Klein chooses 
as companion for our Cayley and Sylvester that terrific analyst Gordan, who 
tirst showed the non-existence of the obstacle which had stopped both of them, 
the supposed infinitude of invariant forms. 

As geometer supreme of the moderns he gives not Steiner but eon Staudt, 
my own ideal, still the man of the future, whose pure system has never yet 
been given in English, but must now be, since no other will serve as foundation 
for projective metrics and projective non-Euclidean geometry. 

And here another name should suggest itself—Riemann ; for though so 
powerfully equipped as an analyst that in the matter of primes he succeeded 
where all others had failed, yet was he of essence geometer. See page 6 for “ one 
of the best illustrations of the utility of adopting Riemann’s principles.” In 
point of fact, this wonderfully gifted man can never be overestimated. Though 
modest, sweet-natured, and painfully shy, yet fortunately he had a gentle ob- 
stinacy which saved him from adopting, in regard to his own work, suggestions 
kindly given by less gifted men. So what his writings lacked in immediate 
acceptance and recognition was more than made up in their fundamental, wide- 
reaching, continuous influence on subsequent mathematical thought. Justly 
his fame, long great, still grows. 

In the two lectures on Sophus Lie we meet a clear presentation of the 
application of geometry to analysis, where the power is increased by adopting 
Pluecker’s idea of a generalized space-element. 

In the preface to my Pure Projective Geometry I call attention to New- 
ton’s ability and achievement in that line, saying: ‘“ Newton showed the extra- 
ordinary correlating power of projection, for example in his /nuwmeratis 
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linearum tertii ordinis, where he gives sixty-four of the different species as 
projections of five.” Starting with nearly this text, Lecture IV outlines what 
has since been done toward giving actual mental images of algebraic curves 
and surfaces. 

Lecture V is a beautiful illustration of how what is really elementary 
geometry can yet advance research in the theory of functions. 

Lecture VI discusses the distinction between the nvaire and*the refined 
intuition. “ It is the latter that we find in Euclid ; he carefully develops his 
system on the basis of well-formulated axioms, is fully conscious of the neces- 
sity of exact proofs, clearly distinguishes between the commensurable and in- 
commensurable, and so forth.” “ We are living in a erifica/ period similar to 
that of Euclid.” Professor Klein then speaks of “ that artistic finish that we 
admire in Euclid’s ‘ Elements,” and mentions Allman’s important historical 
work. I heartily concur in this estimate of Euclid, and desire to contrast it 
with the error of Charles S. Peirce, in the .Vetion, where he speaks of “ Eu- 
clid’s proof (Elements, Bk. I., props. 16 and 17)” as “ really quite fallacious, 
because it uses no premises not as true in the case of spherics.” Our bright 
American seems to have forgotten Euclid’s Postulate 6 (Axiom 12 in Gregory, 
Axiom 9 in Heiberg), “ Two straight lines cannot enclose a space ;” that is, 
two straights having crossed never recur. 

Professor Klein agrees with Clifford, * that naive is not exact, 
while the refined intuition is not prop rly tntuition at all, hut arises through 
the logical dere opine nt trom arioms considered as rftectly eract,” Yet 
these two men are alike in a marvellous, astoundingly powerful space-intuition. 
They were born to be geometers. Professor Klein says, “ It seems to me, 
therefore, that Kirchhoff makes a mistake when he says in his Speetrd/- 
Analyse that absorption takes place only where there is eve? coincidence 
between the wave-lengths. I side with Stokes, who says that absorption takes 
place (nm the vicinity of such coincidence.” This reminds us how easily Clifford 
swept away Maxwell’s argument for special creation from coincidence in size of 
molecules. 

Lecture VII on the transcendency of the numbers ¢ and =, by its very 
simplicity brings home to us more sharply the lack in English of any adequate 
treatment of the continuity of the number system. Professor Fine has writ- 
ten a book on the number system without even attempting this its fundamental 
problem. He borrows his continuity bodily from space in the following sen- 
tence: “Zhe entire system of real numbers, however, inasmuch as it contains 
an individual number to correspond to every individual point in the continuous 
series of points forming a right line, ¢s continous.” 

Lecture VIIT, on ideal numbers, shows that geometry will simplify even 
the proud and exclusive theory of numbers. 
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In Lecture IX, on the solution of equations, the quintic groups the pala- 
dins of algebra. Beginning after Abel, Rowan Hamilton, Sylvester, yet in 8 
pages we have the names of Galois, Hermite, Kronecker, Brioschi, Gordan, 
Camille Jordan, Burkhardt, and Klein ; and the last is the one geometer who 
has reduced the solution of the quintic to the simplest form, and that by con- 
necting it with the icosahedron. 

After Lecture X, on hyperelliptic and Abelian functions, the course 
closes with Lecture XI on the most recent researches in non-Euclidean 
geometry. ‘Three points of view are distinguished ; that of elementary geom- 
etry, of which Lobatschewsky and Bolyai are representatives ; that of pro- 
jective geometry, where it is essential to adopt the system of von Staudt ; and 
that of Riemann and Helmholtz, starting with the element of a geodesic. 

Attention is then called to the fact that a curved tridimensional space does 
not need a higher space in which to be curved. The curvature is an intrinsic 
characteristic quite independent of any higher space. Similarly we are cau- 
tioned against concluding from the familiar and highly important example of 
surface spherics, that in elliptic space two geodesics issuing from any point 
meet again in an antipodal point. ‘ The projective theory of non-Euclidean 
space shows immediately that the existence of an antipodal point, though 
compatible with the nature of an elliptic space, is not necessary, but that two 
eeodesic lines in such a space may intersect in one point if at all.” 

An exposition is now given of how Sophus Lie has confirmed the results 
of Helmholtz, and then is stated the intensely interesting outcome reached by 
Professor Klein in accordance with Clifford’s general idea presented at the 
Bradford meeting of the British Association. The whole theory has been since 
verified by Killing. 

Five pages have been added, in the form of a twelfth lecture, of advice 
to American students contemplating study in Germany; and by way of an 
Appendix to the whole, we have a translation of Professor Klein’s charming 
sketch of the development of mathematics at the German universities. What 
is most characteristic in the present Lehr-Frethert is there traced to Jacobi. 
“The new feature is that Jacobi lectured exclusively on those problems on 
which he was working himself, and made it his sole object to introduce his 
students into his own eirecle of ideas. With this end in view he founded, for 
instance, the first mathematical seminary.” 

And now, in taking leave of this inspiring book, I desire to express my 
feeling of personal obligation to Professor Ziwet for his part in its production, 
and to heartily recommend it, not only to every professed mathematician, but 
to all lovers of high thinking. 


University oF Texas, Fedruary, 1894. 
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SOLUTION OF AN EXERCISE. 


326 
A HORIZONTAL beam, span 2, is supported at each end ; the load per run- 
ning foot of length at one support is zero; at the other support 4. Find the 
deflection of the beam at the centre due to this load. 
(1) When the load increases from the zero-support to the /-support as 
the square of the distance ; 
(2) When the load increases as the square-root of that distance. 
[ 7. 0. Laylor. 


SOLUTION. 


1. Calling y the intensity of the load at any point distant . from the left 
support, we may write 


for the equation to the load. Whence the moment at any point « is 


“dr 
Whence, by integration, 
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EXERCISES. 


359 


Four normals can be drawn from a point to a limacon ; if the feet of two 
of the normals lie on a line through the node, the feet of the other two lie 


on a line through the focus. [Frank Morley. | 
360 
NorMALs at the ends of a nodal chord of a given limacon mark off an 
involution on the axis of the curve. [Frank Morley. | 
361 


Ler + be the base of a system of numeration. Find the condition that in 
the quotient of the number 


A “dd...d (7 — 1 places) 
divided by » — 1, there shall appear all but one of the digits of the system 
(0 excluded), and determine the lacking digit. | kdgar HH, Sohnson.| 
362 


THE sides of a plane triangle are v,/, ¢. It is required to determine the 
radius of the circle circumscribing the escribed circles of this triangle. 
[Avtemas Martin.) 
363 


A HOLLOW sphere, external and internal radii /? and 7, rolls down an in- 
clined plane in time 7; after the cavity is half filled with water it rolls down 
the same plane in time ¢. Determine the specific gravity of the sphere. 

Lrtemas Martin.) 


364 
Find two complete integrals of the equation 
Oz)? (ez)? 
365 


Suow that 


is a surface of revolution and find its axis. (Geo. BR. Dean.) 
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